Let V be a smooth projective variety of dimension n. One may say that V has motivic dimension less than d + 1 if the cohomology of V comes from varieties of dimensions less than d + 1 in some geometric way. More precisely, we say that V has motivic dimension less than d + 1 if there exists a (nonconnected) smooth projective variety W of dimension less than d + 1 and an algebraic correspondence Γ on W × X such that Γ induces a surjection H * (W ) → H * (V ). Suppose the Generalized Hodge conjecture(GHC) ([G], [L]) holds for V and suppose the level of V is less than l (i.e. level(H i (V )) < l for all i). This implies that V has a motivic dimension less than l. Conversely, if V has motivic dimension less than d + 1, i.e. there is a smooth projective variety W of dimension less than d + 1 and a surjection φ :
Let V be a smooth projective variety of dimension n. One may say that V has motivic dimension less than d + 1 if the cohomology of V comes from varieties of dimensions less than d + 1 in some geometric way. More precisely, we say that V has motivic dimension less than d + 1 if there exists a (nonconnected) smooth projective variety W of dimension less than d + 1 and an algebraic correspondence Γ on W × X such that Γ induces a surjection H * (W ) → H * (V ). Suppose the Generalized Hodge conjecture(GHC) ( [G] , [L] ) holds for V and suppose the level of V is less than l (i.e. level(H i (V )) < l for all i). This implies that V has a motivic dimension less than l. Conversely, if V has motivic dimension less than d + 1, i.e. there is a smooth projective variety W of dimension less than d + 1 and a surjection φ : H * (W ) → H n (V ) induced by a correspondence Γ on W × X, then the level of the Hodge structure H n (V ) is less than d + 1 because a morphism of Hodge structures preserves the level. The existence of W does not imply that the GHC holds for V of course, because the dimension of the variety W is not small enough to conclude the GHC for V . However, this gives a way to reduce the GHC for V to the GHC for W , the variety with the smaller dimension. And we think that this can be a practical intermediate step for checking GHC for a smooth projective variety.
For a smooth complete intersection of k quadrics V = Q 1 ∩· · ·∩Q k in P n+k , it can be checked that the level of the Hodge structure H n (V ) is less than k (for example by checking Hodge number of it). In this paper, we show that a smooth complete intersection of k quadrics in P n+k has motivic dimension less than k (Theorem 1.2). As a corollary of this, we get the Hodge conjecture for V holds if k < 4.
A brief outline of the proof of main theorem is as follows. By using the constuction in [O] , we form a family of quadrics parametrized by P k−1 with the base locus V . In case when n+k is odd, this is a family of even dimensional quadrics. Then we use the fact that an even dimensional quadric contains two irreducible families of linear spaces of the expected dimension, and we choose W to be a double covering of P n+k . In the case when n+ k is even, then quadrics in the original family are odd dimensional. So in order to find W , we pass to the family of singular fibers over the discriminant variety which can be understood as a family of quadrics of even dimension. Then we form a double covering of the discriminant variety to find W .
All varieties in this paper will be defined over C and the cohomology without coefficient would be the singular cohomology with rational coefficient.
I would like to express my thanks to Professor Donu Arapura for suggesting me to look at this problem and for his encouragement. The definition of motivic dimension is due to him.
Main Theorem
Let V = Q 1 ∩ · · · ∩ Q k be a smooth complete intersection of k quadrics in a projective space P n+k . Then V is a smooth subvariety of P n+k of dim V = n. Consider the family of quadrics Q t (t ∈ P k−1 ) with the base locus V . We can give more precise description of this family. Let Q l = {F l = 0} for l = 1, · · · , k, where
,j≤n+k is a symmetric (n + k + 1) × (n+k+1)−matrix. Then for a general t = (t 0 , ..., t k−1 ) ∈ P k−1 , the fiber Q t is given by the equation
be the subvariety of P k−1 parametrizing all singular fibers in the family. Then ∆ is a hypersurface in P k−1 of degree n + k + 1. We assume that ∆ is smooth. Set
and let p 1 : X → P k−1 and p 2 : X → P n+k be projections. Note that X is a smooth projective variety of dimension n + 2k − 2.
Let i X : X ֒→ P k−1 × P n+k and i V : V ֒→ P n+k be inclusions. Then by Lefschetz theorem, the restriction maps i *
as Hodge structures.
Now we can state our main theorem precisely: Theorem 1.2. Let V be a smooth complete intersection of k quadrics in P n+k . Then V has motivic dimension less than k. More precisely, there is a smooth projective variety W of dimension k − 1 (resp. k − 2) and surjection of rational Hodge structures
if n is odd and k is even (resp. Θ :
if n is odd and k is odd)
where q = n−k+1 2 (resp. n−k+2 2 ) andW is a disjoint union of finitely many copies of W , Θ :
where q r = n−2r 2 and l r are positive integers given by explicit formula.
We will prove this theorem by considering two cases depending on the parity of n + k in the last two sections. One immediate corollary of this theorem is Corollary 1.3. If k ≤ 4, then Hodge conjecture holds for V .
Intermediate step
Consider the projection p 2 : X → P n+k . Note that for any q = (q 0 , ..., q n+k )
and for any q ∈ V ,
since V is the base locus of the family. Hence we have the following diagram, which we will use throughout this section:
Proof. From the diagram (2), we get
Since X is a very ample divisor in P k−1 × P n+k and V is a smooth complete intersection in P n+k , by Lefschetz Theorem we have
for any i < dim X = n + 2k − 2 and j < dim V = n.
(Case 1) If n is even : then we have
Therefore by (3) we get
(Case 2) If n is odd : then by the similar calculation, we get
Then, again by (3)
V ) in this case also, which finishes the proof of the Lemma.
Then we have a P k−1 −bundle p 2 : E → V . Let i E : E ֒→ X be an inclusion. Then we have the following of morphism of Hodge structures
which is an isomorphism of rational Hodge structures.
Proof. First we prove that the induced morphism
is well-defined. In the case when n is odd, thenφ = φ, hence the morphism is well-defined. In case when n is even, it is enough to show that φ(im i *
To show this, we consider the following commutative diagram:
is a linear space in P k−1 (resp. P n+k ) of codimension i(resp. j) By commutativity of the diagram, we have
Hence a i = 0 for i = 0, since H i P k−1 for i = 0 and then this forces
We take S to be b 0 L k−1 and we will use this S later. Now consider the following diagram:
where
Commutativity of (II) and (III) are clear and commutativity of (I) follows from the following commutative diagram:
We show the commutativity of (IV ). Let α ∈ H n (P k−1 × P n+k ). Then
by the definition of γ. Hence (IV ) commutes. Therefore we have
and hence φ(im i * V ) ⊆ im i * X and φ induces a well-defined morphismφ :
To show thatφ is an isomorphism, note that we have
by the Künneth formula and Lefschetz theorem.
(Case 1) If n is odd : in this case φ =φ and we show that φ = i E * •p * 2 is surjective. Since n is odd, H n−2i (P k−1 ) = 0 for all i. Hence (6) gives an isomorphism
Now for the morphism i E * : H n (E) → H n+2k−2 (X), consider the following Gysin exact sequence
is surjective and hence we get the surjection φ = i E * • p * 2 . Now lemma 2.1 implies thatφ = φ is an isomorphism in this case. (Case 2) If n = 2l is even : then (6) gives that p *
Then Gysin exact sequence (7) implies that i E * :
. We show that the induced mapφ is also an injection in this case:
where the second equality comes from the self-intersection formula ( [F, p103] ).
From the inclusions
Now since X is an ample divisor in
where H(resp. L) is a hyperplane in P k−1 (resp. P n+k ) and a, b ≥ 0 such that ab = 0. Now by using (4),
Then by (9), (10), we have a = 0 and hence
, and hence
Then by (8), we have
and we may consider η ∈ H n (P n+k ) since pr * 2 is injective. Then by commutativity of diagram (5), we have
Since φ is injective, we have α = i * V (η). Henceφ is also an injection. Now by lemma 2.1, we can conclude thatφ :
Proof of Theorem 1.2 when n + k is odd
Throughout this section, we assume that n + k = 2m + 1.
In order to prove theorem 1.2, we use the construction of O'Grady [O] . We give a brief outline of his construction here. For detailed construction, see [O] .
Recall the diagram (1) and consider the projection p 1 : X → P k−1 and recall that ∆ is the discriminant variety, which is a smooth hypersurface in P k−1 by our assumption. In case when n+ k is odd, for a general t ∈ P k−1 , the fiber p −1 1 (t) = Q t is a smooth quadric of dimension n + k − 1 = 2m in P n+k . Hence it contains two irreducible families of m−planes parametrized by F [GH]. Let F be the abstract variety to which F i t is isomorphic for i = 1, 2 and for any t. Let W be a double covering of P k−1 branched over ∆ and let σ : W → P k−1 be the covering map. Set
Then there is a natural map ψ : P → P k−1 defined by ψ(M ) = p 1 (M ) ∈ P k−1 . Then the Stein factorization of ψ is factored through W and get a composition
Let pr 1 : Γ → P and pr 2 : Γ → X be the projections. We summarize the construction in the following diagram:
Note that for any w ∈ W ,
and for any M ∈ P ,
Hence f : P → W is F −bundle and pr 1 : Γ → P is P m −bundle.
Now we give a proof of theorem 1.2 in case of n + k odd.
Proof of theorem 1.2 when n + k is odd. Consider the morphism of Hodge structures pr 2 * : H n+2k−2 (Γ) → H n+2k−2 (X) We show that pr 2 * is a surjection. First note that pr 2 : Γ → X is a surjection. Hence we can take an iterated hyperplane section Γ 1 of Γ such that dim Γ 1 = dim X = n + 2k − 2 and Γ 1 surjects onto X. Let g = pr 2 | Γ1 : Γ 1 → X. Then g is a generically finite map. Let j : Γ 1 → Γ be an inclusion. Then we have the following commutative diagram:
where P Γ1 and P X are isomorphisms from Poincaré duality. Since g * = pr 2 * • j * , it is enough to show that g * is surjective, but it is clear since g * • g * = deg g · id. Now since pr 1 : Γ → P is P m −bundle, by Künneth formula we have
We claim that for each j, there is an isomorphism
To show this, first note that we can use cohomology instead of homology since all our varieties considered are smooth. Let
Since F has a celluar decomposition [E] , H * (F ) are generated by algebraic cycles. Let α 1 , · · · , α l be the algebraic cycles generating H * (F ). i.e. there are algebraic subvarieties Z 1 , · · · , Z l of F such that the fundamental classes of them are α 1 , ..., α l . Let p : U W × F → F be the projection to the second factor and consider the algebraic cycles p * (α i ) in H * (U W × F ) which are supported on U W × Z i for i = 1, 2, ..., l. Let β i be the closures of p * (α i ) in P for each i = 1, ..., l. Then this gives the splitting of the restriction map H * (P ) → H * (F ). So we may apply the Leray-Hirsch theorem [S] . Therefore we have
for any q. In particular,
where d = dim P .
(Case 1) If n is odd (and hence k is even) : in this case, from (11) we have
for each j, since W is simply connected, H r (W ) = 0 for all odd r such that r = dim W = k − 1, or equivalently (F ) . Therefore we have
where N = m j=0 l j . Thus, we have a surjection pr 2 * :
and by Poincaré duality, we get a surjection
By choosingW to be the disjoint union of N copies of W and by composing with φ −1 in theorem 2.2, we get a surjection
as we claimed.
(Case 2) If n is even (and hence k is odd) : in this case, (11) gives
for each j, or equivalently
Therefore we have
and l s = m j=0 dim H n+2k−2−2j−2s (F ) . Thus, we have a surjection
Hence we get a composition of surjections
Therefore, by composing withφ −1 from theorem 2.2 we get a surjection of Hodge structures
2 .) This completes the proof of theorem 1.2 in case when n + k is odd.
4. Proof of Theorem 1.2 when n + k is even Throughout this section, we assume that n + k = 2m is even.
Again we start by considering the projection p 1 : X → P k−1 in diagram (1). Recall that the discriminant variety ∆ is a smooth hypersurface of degree n + k + 1 in P k−1 by our assumption. Set U = P k−1 − ∆ and let
Note that for any t ∈ ∆, p −1 1 (t) is a singular quadric in the family. Since we have assumed that ∆ is smooth, a singular fiber is a cone through a 0−plane (i.e. a point) over a quadric of rank n + k in P n+k−1 , i.e. all singular fibers are cones over a smooth quadricQ t of dimension n + k − 2 in P n+k−1 . For any t ∈ ∆, we denote p −1 1 (t) = C t a cone with a vertex 0 t . We can form a family of quadrics of dimension n + k − 2 over ∆ as follows: Let s : ∆ → X ∆ be a section of p 1 defined by s(t) = 0 t for any t ∈ ∆. Let Y 0 be a general hyperplane section of X ∆ − s(∆) and let p 1 | Y0 : Y 0 → ∆ be the obvious map. Let Y be a smooth compactification of Y 0 . Then by using theorem by Hironaka, we may assume that the rational map Y → ∆ is actually a morphism. We denote this morphism by π : Y → ∆. Then for a general t ∈ ∆, π −1 (t) =Q t a smooth quadric of dimension n + k − 2 in P n+k−1 .
Proof. Consider the Leray spectral sequence associated to the map p 1 :
and one associated to the map π :
Since for any t ∈ ∆, C t is a cone through a point 0 t over a smooth quadricQ t in P n+k−1 , we have
(−1) and so
as Hodge sturctures [A] .
In particular,
There is an injection of Hodge structures
Proof. From the top row of the diagram (12), we have an exact sequence of mixed Hodge structures
By using (13) and by taking the exact functor Gr W n+2k−2 , we get
Consider the morphism p 1 : X U → U and the Leray spectral sequence associated
and Q t is a smooth quadric of dimension n + k − 1(odd). Also, we have
Now, since ∆ is a smooth hypersurface in P k−1 , by Lefschetz theorem we get
(U ) = 0 for i such that 2i < dim ∆ = k − 2. By applying duality on H 2i−1 (∆), we get H j c (U ) = 0 unless j = k − 1 or j = 2k − 2. Hence the Leray spectral sequence degenerates at E 2 and we have a short exact sequence
Note that E 
Proof. First note that by using the same arguments in the proof of theorem 1.2 in the case of n + k odd, we can show that
is surjective and
(Case 1) If n is odd : In this case, n + 2k − 4 − 2j − 2s is odd. But H r (W ) is zero for an odd number r unless r = k − 2 = dim W . Hence we have
Hence by (17) and using Poincaré duality, we get a surjection
By settingW to be a disjoint union of N copies of W , we get the desired surjection in this case.
(Case 2) If n is even : In this case, n + 2k − 4 − 2j is even. Hence we have
Thus we have
If n is even (and hence k is even): then n + 2k − 4 is also even. Note F 2p−1 = F 2p from (19). Hence we may write above sequence as
First by using descending induction on p, we show that for p such that k − 2 < 2p ≤ 2(k − 2) there is a natural splitting of exact sequences (22) such that
where α l is an algebraic cycle generating H 2l (∆) ∼ = Q and β l is an algebraic cycle generating H n+2k−4−2l (Q t )(−1) ∼ = Q. If 2p = 2(k − 2), then
where α k−2 (resp. β k−2 ) is an algebraic cycle generating H 2(k−2) (∆) = Q (resp. H n (Q t ) = Q). Now suppose k − 2 < 2p < 2(k − 2) and consider the short exact sequnce (22). Since 2p > k − 2, dim H 2p (∆) = dim H n+2k−4−2p (Q t ) = 1, hence we can choose an algebraic cycle α p (resp. β p ) which generates H 2p (∆) (resp. H n+2k−4−2p (Q t )) and hence (α l ⊗ β l )Q with a basis B p+1 = {α p+1 ⊗ β p+1 , ..., α k−2 ⊗ β k−2 }, where a l and β l are algebraic cycles. Let B ′ p = {v p , α p+1 ⊗ β p+1 , ..., α k−2 ⊗ β k−2 } be a basis of F 2p extending the basis B p+1 . Then t 2p (v p ) = q p (α p ⊗ β p ) for some nonzero q p ∈ Q. Define
by s p (α p ⊗β p ) = 1 qp v p . Then s p is a section of t p and hence we have a decomposition
with a basis B p = {α p ⊗ β p , α p+1 ⊗ β p+1 , ..., α k−2 ⊗ β k−2 } of F 2p by identifying α p ⊗ β p with its image under s p . Now for splitting for 2p < k − 2 in the exact sequence (22), the argument is same as the case when 2p > k−2, since Gr 
as we claimed. This finishes the proof of theorem 1.2.
